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CHAPTER 2: DENSITY 
 

Now that we know how to measure amount of stuff (mass), we can look at some intensive 
properties (properties that are independent of mass) that are used to identify different types of stuff.  
 

The most familiar such property is probably density. 
 
Now I know that you have probably dealt with density every year of your education since 

around 2nd grade. You may be sick of talking about it. You probably feel like you know all about it. But 
I doubt that you realize what an important concept it really is - and in how many ways it can help you 
understand environmental issues. So bear with me.... (If you’re skeptical, see how many of the 
activities in this chapter you can answer.)  

 
Density is the mass of a “unit” volume of material.:  

 
What does this mean? It means that the density of something is, for example, the mass of 1 

cm3 of it. This means that the density of something is independent of how many cm3 of it you actually 
have. Density is the mass you would have if you did have 1cm3 of your stuff. The density of water is 
1g/cm3. If you have 1cm3 of water, its density = 1g/cm3. If you have 0.5cm3 of water, its density is still 
1g/cm3 (i.e. if you had 1cm3 of it, its mass would be 1g). If you have 10cm3 of water, its density is still 
= 1g/cm3. Density is an “intensive” property – and is a pretty amazing concept. It must have taken 
quite a brain to look past the total mass of gold that s/he owned to think about how much of that mass 
was in each unit of volume...  

 
Before talking any more about density, we’d better be sure we understand “volume...”  
 
Size (or volume) is probably a more familiar measure of "amount of stuff" than is mass. We 

can see how big something is, but we have to kick it or lift it to get a sense of how massive it is. Size 
is, however, less fundamental than mass because  

 Lengths, areas and volumes are not conserved: they can change with environmental 
conditions like pressure or temperature. 

 Lengths, areas & volumes are not additive: the volume of two things when mixed is often 
not the sum of their volumes before they were mixed. 

 
Volumes are usually determined from the dimensions (lengths) of objects, so we should think a 

bit about “length.”  
 
1) How do you measure something’s length?.  
 

In ancient times, most measuring was done by one craftsman working on one job at a time and 
it didn't make much difference what measuring stick s/he used. All that mattered was that both the 
front and the rear of the building were “5 floobers” (or whatever he called his stick) long. At some 
point though, some folks (like God) wanted to order things (like arks) from other people (like Noah). 
This meant that God had to tell Noah how big an ark he wanted, so some standardized 
measurements were needed. The “cubit” of Noah's time was the distance from one’s elbow to the end 
of his middle finger. Of course, the cubit wasn’t perfect - it could vary considerably due to the different 
sizes of people. I never was clear if God ordered his ark in terms of Noah’s cubit or God’s cubit…. I 
think they might be quite different. 
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This page and the next get a digression notice… They cover the history of length units. I find it sort of 

interesting, but you may not… 

 

What is now called an “inch” was originally either the width of a 
man's thumb or the length of the fore-finger from the tip to the first 
joint. We have 3 segments on each of our 4 fingers, so it made 
sense to consider 12 “inches” to be a new unit – the “foot.” The 
ancient Greeks actually used a variety of “feet” measurements. 

From 600-400 BC, the “Doric foot” (~1.07 of our modern foot) was used in Athenian 
architecture and the “Samian foot” (~1.14 modern feet) was used in east Ionia. By 
300 BC, both had been replaced by the “Attic foot” (~.96 of a modern foot). (This 
was also known as the Roman or Cycladic foot.) The Greeks also had larger length 
units: the plethron of 97-100 feet and the stadium of 580-622 feet.  

 
Our “mile” derives from the Roman “milion” (= 1000 (Roman numeral “M”) 

double paces or 5000 Roman feet).  Distances on Roman roads were actually 
measured by odometers attached to carriage axles and marked on mileage stones. 
The Roman mile was divided into 8 “stadia” (corresponding to modern furlongs), 
with each stadion consisting of 100 “orguiai.” The English mile was intended to be 
an approximation to the Roman mile, and consisted of 80 “chains” of 66 ft each, 
accounting for the mile’s strange number of 5280 feet. The league was another 
measure of journeys, usually equal to 3 English miles. 

 
Three times the length of the foot was about the distance from the tip of a man's nose to the end of his 

outstretched arm and was called 1 “yard.” This distance very closely approximates today’s yard. Additional units were also 
defined:  
 

o 2 yards = the distance across a man's outstretched arms = 1 fathom  
o ½ a yard ~18 inches = 1 cubit 
o ½ a cubit = the distance across the hand from the tip of the thumb to the tip of the little finger when the 

fingers were spread out as far as possible ~9inches = 1 span 
o ½ a span ~ 4.5 inches = 1 hand 

 
As early as 950AD the Saxon king Edgar kept a "yardstick" at Winchester as the official standard of 

measurement, but it wasn’t until 1196 (during the reign of Richard the Lion Heart, Robin Hood & all that) that the 
standardization of units of measurement was first documented. In the “Assize of Measures” in 1196 it was stated that 
"Throughout the realm there shall be the same yard of the same size and it should be of iron". The Magna Carta (1215) 
also attempted to standardize measurements throughout the kingdom, although it concentrated on more volumetric 
measures (of wine and beer!). 

 
Around 1300, King Edward I (1272-1307) of England realized that constancy and permanence were the key to 

any standard and ordered a permanent measuring stick made of iron to serve as a master standard yardstick for the 
entire kingdom. This master yardstick was called the "iron ulna", after the bone of the forearm. 

 
"It is remembered that the Iron Ulna of our Lord the King contains three feet and no more; and the foot must 
contain twelve inches, measured by the correct measure of this kind of ulna; that is to say, one thirty-sixth part [of] 
the said ulna makes one inch, neither more nor less.... It is ordained that three grains of barley, dry and round 
make an inch, twelve inches make a foot; three feet make an ulna; five and a half ulna makes a perch (rod); and 
forty perches in length and four perches in breadth make an acre." (The perch or rod, as it was also known, was a 
traditional Saxon land measure and survives today. It had originally been defined as the total length of the left feet 
of the first sixteen men to leave church on Sunday morning. Cool eh?)  
 

In 1588 Elizabeth I issued a new standard yard and the English system of measuring was almost universally adopted in 
the newly settled North America. 
 

In 1793, Napoleon defined one meter as 1/10,000,000 of the distance from the North Pole to the Equator - when 
measured on a straight line running along the surface of the earth through Paris. In 1798, the “survey of the arc” was 
completed – taking tedious measurements to find that the 9

o
40’25.40” from Dunkirk to Barcelona was a distance of 

551,584,72 Peruvian toise. (The toise was an iron bar that had been used to measure arcs in Peru  & Lapland). This 
meant that 90

o
 (the distance from the pole to the equator) equaled 5098232.822 toise, so 1m = 0.5098232822 toise. 
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Three platinum standard meters ('Metre des Archives’) and several iron copies were made, one of which came to the US. 
The meter was defined as the distance between the polished end faces at a specified temperature. This was the 
international standard of length for most of the 1800s. This French 39.37 inch meter was a little longer than the 36 inch 
British yard. Subsequent examination showed the length of the earth's quadrant had been wrongly surveyed, but instead 
of altering the length of the meter to maintain the one ten-millionth idea, the meter was redefined as the distance between 
the two marks on the standard meter.  
 

In 1824, the English Parliament replaced the 1588 yard with one made in 1760. It was a brass bar containing a 
gold button near each end. Dots spaced exactly “1 yard” apart were engraved in each of these two buttons. The same act 
that legalized this bar as the standard for England also made the provision that, in the event it was lost or destroyed, it 
should be replaced using a pendulum method to determine its length. (A pendulum a little over 39 inches long swings 
through its arc in exactly one second.) 

 
In spite of repeated requests in Congress, there was no legal length standard in the U.S. until 1832. More or less 

authentic copies of the British copies of the yard were used as length prototypes. In 1832, the Treasury Department 
decided to admit as a legal Yard the distance between the lines 27 and 63 of a certain bronze bar, 82 inches in length, 
bought in 1813 in England for the Federal Survey Department. 

 
In 1834, the British Imperial Yard was destroyed by fire when the Houses of Parliament burned and it wasn’t until 

1855 that new “Imperial Standards” and copies were completed. Toward both ends of Bronze Yard No. 11 were cylindrical 
wells containing inset gold plugs with 1-yard defining lines inscribed upon them.  

In 1866, the 1855 British Imperial Standard Yard was found to be shortening in measurable 
amounts (.00000005m/yr - as atoms moved to happier places?) and science moved toward 
adopting the French meter as the standard for length. In 1872, the International Commission of the 
Meter made the “Meter of the Archives” the official definition of the meter and the standard of 
length. Thirty Platinum-Iridium prototype meters were made using the Meter of the Archives as 
reference. The bars had a modified X cross section named for the French scientist, Henri Tresca, 
who proposed it to provide maximum rigidity. Small elliptical areas on the upper surface of the 
central rib at each end of the bars were highly polished, and three lines, nominally 0.5 mm apart, were ruled on these 
surfaces, the distance between the middle lines of each group defining the standard length. One of the bars was selected 
as the International Meter. 

 
On May 20 1875, the Treaty of the Meter was signed by twenty countries, including the United States, at the 

International Metric Convention. As a result, the International Bureau of Weights and Measures (Bureau Intérnational des 
Poids et Mésures, BIPM) was established outside of Paris.In 1889 a number of platinum-iridium metre bars were 

produced and one of these (number 6) replaced the Mtre des Archives to become the International Prototype Metre. The 

remaining bars were distributed to the representative nations. The alloy from which the bar was made proved to be 
exceptionally stable.  

 
In 1889, a new modified X-shaped cross-section graduated platinum-iridium line standard was developed and 

adopted as the International Prototype Meter. The meter was defined as the distance between the two graduation lines at 

0 ̊C. Each member country in the International Metric Convention received two copies of the standard with calibration 
reports relating them to the prototype. The United States received National Prototype Meters No. 27 and No. 21 The 
relationship between No. 27 and the International Meter was certified to be 1 m -1.6 μm + 8.657 μm*T + 0.001 μm*T

2
 ± 

0.2 μm (T in 
o
C). Inter-comparison between the International Meter and No. 27 yielded a probable error of ±0.04 μm. The 

probable uncertainty of the length of No. 27 at temperatures between 20 ̊C and 25 ̊C was estimated by BIPM to lie between 
±0.1 μm and ±0.2 μm. It has been returned to BIPM for re-comparison four times during the period from 1889 to 1960 
when it served as primary standard.. It is now on exhibit in the NIST Museum at Gaithersburg, Maryland. 
 

In 1960, the definition of the meter was redefined to be the average of nine determinations of the wavelength of 
the orange-red line (the so called “5d

5
 2p

10
”) emitted from electrically excited krypton-86 atoms immersed in liquid 

nitrogen - light made between 1892 and 1940 in various laboratories. One meter was defined as 1,650,763.73 x the 
wavelength. This revision made the length standard universally reproducible and indestructible. 
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In 1983, the definition of the meter changed again to become the distance that light travels in a 
vacuum in 1/299,792,458 of a second. This is the most accurate definition yet, since the second is 
determined to an accuracy of 1 part in 1014 by “atomic” clocks. 

 
There are, of course many other common units of length; 

  1 kilometers (km)  =1000  m  1 km = .621 statute miles 
 1 centimeter (cm)  =0.01 m  2.54 cm = 1 inch (I remember this one) 
 1 millimeter (mm)  =0.001 m  1 meter = 4.9709695 Links 
 1 micrometer (micron, μ) =1x10-6  m  1 meter = .19883878 rods 
 1 nanometer (nm)  =1x10-9  m  1 foot = 12 inches 
 1 Angstrom (Å)  =1x10-10  m  
 1 picometer (pm)  =1x10-12  m 
 

ACTIVITY 2.1 
 Confirm the following equivalences: 
 
 A distance of 3.20cm      = .105 ft 
 
 The wavelength of red light = 7.00x102nm    = 7.00x10-7 m 
 
 The equatorial radius of the earth = 3963 miles  = 6.378x106 m 
 
 A speed of 55.00 miles/hr       = 24.59 m/sec 
 
 A price of $2.75/yard      = $.917 / ft 
 
 
2) How can you measure the lengths of curved things or when you can’t lay a measure beside 
the distance (like across a lake)?  
 
To (hopefully) refresh your memories: 
 

1. The circumference (distance around) a 

circle of radius r = r2 where  = “pi” ~ 3.1415 
 

b) The lengths of the sides (a,b,c) of a right 
 (90o) triangle satisfy the Pythagorean theorem:  

   a2 + b2 = c2. 
 

c) The sides of a right triangle are given special names 
from the perspective of the different angles (A,B,C). 
The side c, opposite the right angle is the 
“hypotenuse” (H). From the perspective of angle A, 
side a = “opposite” (O) and side b = “adjacent” (A). The 
various “trigonometric functions” of angles are 
defined In terms of these distances: 

 
 sin(A) (“sine”) = O/H = a/c     cos(A) (“cosine”) = A/H = b/c  tan(A) (“tangent”) = O/A = a/b  
 

(I was taught to remember these relationships by either “SOH-CAH-TOA” or Some Old Hen 
Caught Another Hen Taking Old Apples) 



Chapter 2: Density pg5 
 

 
 
The trig functions are useful because calculators can give you their values for any angle, so if 
you know the length of 1 side of a triangle and its angles, you can find the lengths of other 
sides.  
 
For example, if the angle from the horizontal to the top 
of a building is 27o when you stand 50ft away from it, 
the building’s height (H) is opposite the known angle, 
and the 50ft is adjacent to the known angle. And the 
tan (27o) = O/A = H/50. Your calculator gives you 
tan(27o) = 0.509 so 0.509 = H/50 or H = 50 x 0.509 = 
25.47ft.  

 
CAUTION: You do need to tell people (and calculators) what units you use to measure 
angles.  Most “normal” people measure angles in degrees (360o = 1 circle).  
 

Dividing the circle into 360 parts apparently dates from the ancient Babylonians who based their number 
system on the number “60." This may be because 60 is evenly divisible by 1,2,3,4,5 and 6 - pretty cool 
eh? (I mean, 10 is only divisible by 1,2, and 5). The number 360 is even cooler - it’s evenly divisible by 13 
numbers: 1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, and 20. There are few other numbers as small as 360 that 
have so many different factors. This means that if you use “360 degrees” for a complete circle, then many 
fractions of circles will contain a whole number of degrees: 1/3 of a circle = 120 degrees, 1/4 of the circle 
= 90 degrees, and so on.  How cool! 

 
But degrees are so 20th century... You could measure degrees in something like “slices” – 
where one slice was the angle of a slice of your mom’s apple pie at Thanksgiving after it was 
cut into 14 pieces… (One slice = 360/14 = 25.71o)  But most science 
types prefer to measure angles in “radians,” where 1 radian is defined 
as the angle corresponding to a portion of a circle’s circumference 
having a length equal to 1 radius: (In the figure to the right, angle AOB 
is “1 radian”).  
 
Radians are usually preferred over degrees for 2 reasons:  
 
1) Radians define angles in terms of properties of the circle itself - with 

no arbitrary choice like mom’s pie. Because the circumference of a 

circle is 2r, the distance around a circle is 2 radii – so the angle around a whole circle is 

2 radians. This means that 2 radians = 360o. This can be used to convert between 
degrees and radians:  
  

 
 
 
2) Radians make it much easier to talk about how fast things like sin(x) and cos(x) change as 

x changes… If you express x in radians, then the rate at which sin(x) is changing at any 
value of x is equal to cos(x). And the rate at which cos(x) is changing at any value of x is 
just –sin(x). This turns out to be quite handy. 

 
The take-home message is: When evaluating things like sin(x), be sure to measure angles 
in whatever units your calculator likes to use! (I can tell my TI-83 to use either radians or 
degrees through its “mode” button.). 

o
o

180
radians 2π

360
 x radians π radians 

4

π

360

radians 2π
x45

o

o 
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ACTIVITY 2.2 
Use a calculator to evaluate the following: 
 
a) Sin(38.9o) = _______  b) Cos(0.23 radians) = _______ 
 

 
d) Trigonometry can also deal with non-right 
angled triangles. For any triangle: 

 

  law of sines:     
sin( ) sin( ) sin( )A

a

B

b

C

c
   

   
law of cosines:     

 
  b2 = a2 + c2 - 2ac*cos(B)     a2 = b2 + c2 - 2bc*cos(A)   c2 = a2 + b2 - 2ab*cos(C) 
  (I think of these as “fudged” Pythagorean theorems: b2 = a2 + c2 minus a correction term 

for non-right-handed-ness) 
 

Activity 2.3 
 
a) Use the Pythagorean Theorem to calculate the (un-measurable) 
distance from A to B across the lake from the two (measurable) 
distances of 35m, and 150m that are shown:  
 
 
 
b) Use the definition of cosine = adjacent/hypotenuse to 
calculate the (un-measurable) distance from A to B across the 
lake from the (measurable) distance of 150m and the 
(measureable) angle given (32o). (c=177m) 
 
 
 
 
 
c) Use trigonometry to calculate the distance between the two oxygen atoms in a molecule of formic 
acid (the acid found in ant stings): (?=2.25) 
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All this talk about angles and sines and cosines may seem excessive, but I’ve included it 

because they are useful in many places besides just triangles….. 
 
As an angle (x) in a triangle varies from 0o to 

/2 radians (=90o), the length of the opposite 
side O increases from 0 until it equals the length 
of the hypotenuse (H), so sin(x) = O/H smoothly 

varies from sin(0) = 0/H=0 to sin(/2) H/H=1:  
 
 
 
 
 
 
 
 
3) Why is trigonometry important beyond triangles?  

 

While no angle in a right triangle can be larger than /2 radians (90o), that hasn’t stopped 

mathematicians from defining sin(x) for values of x larger than /2 radians (90o). Their definition as 
3 parts:  

1. As an angle x goes from /2   radians (90o
180o), sin(x) un-does what it did as x 

went from 0 radians  

2. As x goes   2 radians (180o 360o), sin(x) does the negative of what it did as x went 

from 0 radians (0180o) 

3. As x goes through each next 2 radians (360o) interval, it repeats what it did as x went 

from 0 to 2 radians.  
  

These conventions make a graph 
of sin(x) look like this:   

 
 
 
 
 
 
 
 
 

 
 

With similar conventions, a graph of 
cos(x) looks like: 
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OK, you say, so what? I mean, mathematicians do all sorts of weird things. What’s so good 
about this weird thing?  

 
Well, these graphs of sin(x) and cos(x) are very useful – because they are graphs of “waves!” 

And lots of things vary in wavelike forms: 
 
 
 
 
 
 

 Daily or yearly temperatures 
 
 
 
 
 
 
 
 
 
 

 Height of Bar Harbor tides 
 
 
 
 
 
 
 
 
 

 Times of Facebook status updates 
 
 
 
 
 
 
 
 
 

 “Biorhythms”  
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 Plant activity …  
  
  
  
  
  
  
  
  
 

 The displacement of objects bound by “springs” 
 
 

 

 While all the above “waves” involve something varying over time, waves can also 
describe things that describe things that vary over distance – such as the height of the 
ocean – at one time: 
  
  
  
  
  
  
  
  
  
  
  
  
 

 And more than one thing may simultaneously exhibit wave-like variation – such as the 
electric and magnetic fields of light:  
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 Or the motion of a vibrating drum head:  
 

 Finally, next term, you will see that quantum mechanics requires you to use hard to 
visualize 3 dimensional “waves” to describe the behavior of the “electrons” in “atoms” 
that chemists use to explain reality   

 

Activity 2.4 
 a) Think of some natural phenomenon that varies (either spatially or temporally) in a more-or-
less wave-like fashion:  
 b) Sketch a graph of its variation 
 

Of course, most “wavy things” are not exactly sine or cosine waves. For example, they may 
look more like this:  
 
This wave 
 

- Oscillates around y = 1 rather than y = 0 
 

- Goes from 2.5 above its midpoint to 2.5 
below its midpoint rather than from 1 above 
to 1 below 
 

- has a wavelength of 4.18 rather than 2 
(6.28).  
 

- is increasing through its midpoint at x=-1/3 rather than at x=0 for sin or x=3/2 for cosine 
 
Despite these differences, this wave can still be described by a relatively simple equation:   

 
y = 2.5*sin(1.5x+.5)+1. 
  

- The shift of the midpoint up to y=1 is due to the +1.  
- The wave’s “amplitude” of 2.5 is the sine term’s coefficient (thing that multiplies it).  

- The fact that x must vary by 4.18 (rather than 2) to complete a wave is because the thing in ( 

) will vary by 2 when x varies by 2/1.5 = 4.18 
- The fact that the wave goes through its midpoint at x=-1/3 is because that’s what x must be in 

order for the stuff in the (1.5x+.5) to = 0 - which is where the sine graph goes through its 
midpoint 
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The details of this math aren’t that important – but the general conclusion is important: Any 
simple wave can be expressed in terms of a modified sine curve.  
 

In fact, even things that don’t 
look like simple waves can usually be 
written as the sum of simple waves – 
and so as the sum of sine curves. For 
example, the graph to the right shows a 
relatively complex curve in black. It 
doesn’t really look like a “simple” wave. 
But it’s actually the sum of the three 
simple waves drawn in fainter colors!  
 

This is generally true: things that 
vary in complex ways can be thought of as 
a sum of things, each of which varies in a 
simple way. The mathematical technique 
to figure out what simple waves need to 
be added to give a complex wave is 
“Fourier analysis.” 

 
 
As an example, the reconstructed record of past temperatures on earth looks something like: 

  
 
 

 
 
 
 
 

 
 

This variation may not look very 
wavelike, but, ....if you add up the  “more 
wavelike” variations of the 3 properties of the 
earth’s orbits shown as the red, green and 
blue graphs to the right, you get the yellow 
graph which actually closely resembles the 
past variation of climate: 

 
This is cool: the earth’s temperature 

seems to (largely) reflect three periodic 
variations with periods (wavelengths) of 
~100,000yrs, ~22,000yrs, and 41,000 years.  
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So too can a series of different 3D “waves” be superimposed to describe  “things” such as 
global variations in air pressure, land elevation, ocean depths, or the probability of finding electrons at 
different points around an atom, or the human brain (the #s indicate how many “waves” have been 
added up to get the given shape):  

 
So yes, understanding waves is very useful....and that requires understanding the basic trig 

functions! 
 
4) How long is the edge of a sugar cube? 

 
While “length” may seem like a pretty easy thing to measure, it is not, of 

course, really that easy. Have you ever wondered how valid it was to represent 
real "imperfect", real objects (like those “cubes” of sugar that people put into 
their coffee) by “perfect” figures such as "cubes?" Maybe you were convinced 
that it was valid by the "Just believe it, kid, or you'll never get into college" 
argument. But maybe you should have listened to your doubts. Today, there are 
quite a few people worrying about exactly how you should measure the length of the sides of real 
things. Should you worry about all those little bumps on it? Should you measure the distance around 
each little bump or should you "smooth" them out as is “normally” done?  

 

Practically, something’s length 
depends on how long a ruler is used to 
measure it: smaller rulers can measure around 
smaller bumps and so produce longer lengths. 
If you repeat the measurement of the length of 
an irregular line with several rulers of varying 
lengths, you can graph your results and 
extrapolate to an infinitely small ruler and obtain 
the “real” length - which can be truly enormous. 
For example, how long is the black curve drawn 
to the right?  
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It depends! If you use the short blue ruler in the top picture, 
you get 23.4 units. But if you use the intermediate size violet ruler 
in the middle picture (which is twice the length of the short ruler), 
you get 20 units. And if you use the longer red ruler in the bottom 
picture (which is 3.4 blues in length), you get 18.7 units. If you 
plot these lengths (and some more) vs the length of the ruler used 
to get them, you get: a curve which can be approximated by y = 
23.675e-.0618x. If you evaluate this for x = 0 (i.e. for an infinitely 
small ruler) you get y = 23.675 for the “real” length of the line.   

 
 

Activity 2.5 
 

Try the procedure just described. Make some rules of different lengths out of paper (maybe 1” 
long, 2”long, 5”long, etc.).  Then use them to measure an irregular object. Plot your distances vs the 
length of ruler used. Extrapolate to a ruler length of “0” to get the ‘real’ length of your object.     

 

 
The emerging field of fractal geometry suggests that it may, in some ways, be more fruitful to 

model real objects by fractals (2D objects of finite area but infinite perimeter or 3D objects with finite 
volume but infinite surface area) than by the smooth curves of traditional geometry.   
 
(A simple fractal is generated by dividing the edges of an equilateral triangle into thirds, and 
then constructing a new equilateral triangle on the middle segment. Then divide each edge 
of the resulting figure into thirds, and construct a new triangle on the middle third. If you 
continue this indefinitely, you arrive at a "very bumpy star." What’s really cool is that the 
final figure has a finite area, but an infinite perimeter. If this intrigues you, take a class in 
fractal geometry some day.) 

 
5) How do lengths change with pressure or temperature?  
 

Unlike masses, sizes aren’t conserved. Things can change their sizes without changing 
how much “stuff” they have. It’s odd, but you can “get smaller or larger” (occupy less or more 
space) without “getting smaller or larger” (in terms of your mass). Lengths change with either 
"temperature" and/or "pressure." We’ll put off a discussion of “temperature” until chapter 4, but tackle 
“pressure” here… 

 
Pressure:  
   

Physics often focuses on forces – because their imbalance is what causes changes in motion. 
For example: pushing on your stuck car causes no motion until the force of your push overcomes the 
maximal possible frictional force between the car and the ground.  

 
But, sometimes, how a force is applied can be as important as its magnitude. For example, 

it’s probably wise to spread the force you apply to your stuck car out over a wide area – or else you 
may dent the car, or break a window. “Pressure” expresses such a “concentration” of a force. A 
pressure = a force divided by the area on which it acts: Pressure = force/area or P = F/A.  

 
As another example…I was watching Law & Order SVU the other day and it made me start 

thinking about bullets and pressure…  
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Say the 70kg bad guy with the machete is running at 10m/sec toward the intrepid law 

enforcement officer. For him to be stopped in 0.1seconds (a deceleration of 100m/sec2, he’d need to 
experience a force of F = ma = 70kg x 100m/sec2 = 7000 Newtons. This could be applied by another 
70kg person decelerating from 10m/sec to 0m/sec in .1seconds. (Think the collision of football 
players). Or, to avoid machete induced injury, the 7000N could be exerted by a much smaller mass 
object undergoing a much larger acceleration (think bullet). How fast would such a bullet have to be 
going? Well, a 45 magnum bullet (think Dirty Harry) apparently has a mass of 15 grams = .015kg. Say 
that it also comes to rest 0.1sec after striking Mr Bad Guy. To stop him it needs to exert 7000N of 
force but F = ma, so it’s acceleration would have to equal 7000N/.015kg = 466,666m/sec2. This a = 

v/t = v/.1sec so v = 46,666m/sec. But even a high velocity weapon only propels bullets at 
~1500m/sec. That is, there’s no way a bullet could stop you in 0.1 seconds! So much for TV. (Bullets 
stop people by forcing them to lose their balance & they fall by themselves.)  

 
But bullets are dangerous. Why? Because their force is concentrated in a very small area – 

they exert a large “pressure.” A 0.015kg bullet decelerating from it’s actual speed of 1500m/sec to 
0m/sec in 0.1sec undergoes a deceleration of a = 1500/.1 = 15,000m/sec2 and so exerts a force of F 
= ma of .015*15000 = 225 Newtons. If this is spread over 1cm2 area of the tip of the bullet, the 
pressure = 225N/cm2. But the internet tells me that it only takes a pressure of about 100N/cm2 to 
pierce living skin – so such a bullet has no problem getting inside of you to do its damage.  

   
Since it is pressure, more than total force that damages us, our skin contains sensors that 

sense pressure, not total force. This is why a steel ball “feels heavier” than a heavier piece of 
Styrofoam – the ball’s force is exerted over a smaller area than the Styrofoam – so the ball exerts a 
greater pressure – and it’s pressure, not force, that we sense.  

 
Amazingly, the concept of “pressure” was unknown until Simon Stevin introduced it in 1586 in 

his hydrostatics book De Beghinselen des Waterwichts (Elements of Hydrostatics). This text included 
three remarkable observations: 

 
1. The first known mention of the “hydrostatic paradox:” 

“The bottom of the water is not charged with more 
weight by a larger water than by a smaller one—as 
long as the height remains the same… One pound 
of water can make more violence than a hundred 
thousand pounds” 

 
What this means is that the “pressure” at the bottom of a 
vessel depends only on the depth of fluid in the vessel, 
and is independent of the shape of the vessel.  That is, the 
pressure at the bottoms of all these containers are the 
same: 
 
(Note that this would NOT be true with solids of theses shapes. If they all had the same mass, 

the one resting on the smallest bottom would exert more pressure than the others.) 
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This can be confirmed by connecting the bottoms with 
tubes – the heights of the fluids do not change – which 
means no flow has occurred – so the bottom pressures 
are everywhere the same. This should seem very odd. 
After all, if the liquid was replaced by a solid, the bottoms 
of the larger solids would be “charged with more weight” 
than those containing less solid. The difference with a 
liquid is that its container supports some of its weight, 
leaving the weight over the bottom to be due onto to the 
liquid directly above it.  
 
5) Stevin also found a 2nd paradox:  The pressure on a 

dam is the same whether it holds back 110 miles of a 
certain depth of water or 110 feet or 110 inches of the same depth: 

This is because fluid pressure acts in all directions. While we have a sense that it acts 
“downward” – it’s also equally great in all other directions – like sideways.  
 

6) Finally, Stevin derived the fact that a liquid’s 
“pressure” increases ~ linearly with depth in the 
liquid. For example, here’s how pressure 
increases with depth in the ocean:  

 
 

 

 

 

 

 

 

 

In 1630, about 45 years after Sevin’s work, Galileo first recorded the fact 
that suction pumps couldn’t raise water more than about 34 feet:. He thought this 
was because if taller than that, the column of water would “break under its own 
weight” (like a long rope).  
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In 1643 (13 years after Galileo’s observation), Torricelli invented the more convenient mercury-
filled barometer – which, since mercury is much heavier than water, a suction pump could only get to 
rise ~30 inches. Torricelli also suggested that the limited ability of a 
vacuum pump to raise water was due to the fact that it was actually being 
pushed by the atmosphere, rather than being pulled by the vacuum above 
it. One interesting fact about Torricelli’s experiment was that the height of 
the fluid column was independent of 1) the size of the bowl at the bottom 
and 2) the diameter of the tube containing the liquid. Both of these facts 
seemed odd. After all, wouldn’t a larger bowl feel the weight of more of the 
atmosphere – and so the column should rise higher? And if the atmosphere 
could only hold up a certain mass of fluid, wouldn’t the height of fluid to 
have that mass be less in a wider tube? But Torricelli realized that it was 
pressure (force per unit area) that was important – not total mass. Yes, a 
larger bowl would feel the weight of a greater mass of air – but the weight 
per square inch would be the same. And yes, a larger tube would contain a 
greater weight of fluid – but the weight per square inch of tube would be the 
same. 

 
In 1647, Torricelli’s explanation was supported tested by Blaise 

Pascal’s getting his brother in law to carry a mercury barometer up the 1465 
meter high Puy-de-Dome in central France. Sure enough, as they climbed the 
mountain, the height of the column decreased – because there was less air 
pushing down on it.  

 
 
  

 
The average pressure of the atmosphere (P=1“atm”) could be determined from the heights of 

water (1 atm = 34ft of water) or mercury (1 atm = 29.92inches of Hg = 760mm of Hg = 760 “torr”) 
that it could support. If you consider a 34 ft high column of water that’s 1ft x 1ft, you’d have 34 ft3 of 
water. But 1 ft3 of water weighs 62.4 pounds, so 34 feet would weigh 2121pounds. Spread over 
12inx12in=144 in2 would = 14.7 pounds per square inch. If you consider a 30 inch high column of 
mercury that’s 1inch x 1inch, you’d have 30in3 of mercury. But 1 in3 of mercury has a mass of 0.49lbs 
so 30in3 = 14.7lb – all on the 1 square inch. Both of these lead to the conclusion that 1 atm = 14.7 
lb/in2 = 14.7psi. If you prefer metric, 1 atm = 101200N/m2 = 101200 Pascals = 1012 hectaPascals 
= 1012 mbar  
 

Activity 2.6 
 

Given that the pressure of the earth’s atmosphere is around 14.7 lb/in2,  
 
a) Estimate the pressure exerted on your outstretched palm. Why can you hold this enormous weight 
with no effort?  
 
b) Given that the earth is ~a sphere with radius = 6.4x106m, show that the total mass of the 
atmosphere is ~5.2x1018 kg.  
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Of course, atmospheric pressure does vary from place to place and from time to time:  
 

Note that the drop from average 

atmospheric pressure to the lowest 

ever record = (1013.25-870)/1013.25 = 

14%. The rise from average 

atmospheric pressure to the highest 

ever recorded = (1084-1013)/1013 = 

7%.  

 

 
 
 
 
 
 
 
Another interesting result of the climb up Puy-de-Dome was the discovery that while pressure 

varied linearly with depth underwater, it varied exponentially with height in the atmosphere – dropping 
more per unit climb at lower elevations than at higher elevations: 
 
    Drop on P as rise through the atmosphere         Increase in P as go deeper in ocean 

  

  
 

 
The exponential drop in atmospheric pressure with elevation “z” is described by  

 
P=P(z=0)e-z/H  
 

Here e = the “base of natural logarithms” ~ 2.718 and H = the “scale height” of the atmosphere. 
H = the height at which the pressure has dropped to e-1 = 1/e = 1/2.718 = 0.37) of its value at the 
ground. Larger values of H mean a slower drop in pressure.     
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The scale height of any particular atmosphere is given by: H = RT/Mg 
 

Here  
R = the “gas constant” = 8.314 Joules/Kelvin 
T = the temperature of the atmosphere (in Kelvin) (near the surface of the earth, 

an average value ~287K = 14C = 57F) 
M = the average molecular weight of the atmosphere in kg (for the earth’s 

atmosphere M = .029) and  
g = the acceleration of gravity acting on the atmosphere (on earth, g = 

9.8m/sec2).  
 
On Earth, these values give H = 8400m = 8.4km. You can see from the graph above that, sure 
enough, at z = 8.4km, atmospheric pressure is ~.37atm which is 37% of its value at the 
ground.  
 

 OK, I realize this is pretty mathy…. But it’s also important – especially if you care about things 

like weather and climate… 

 

Activity 2.7 
 

1) Calculate H on Mars – where T = 220K, g = 3.7m/sec2 and M = .044. As you rise through the 
Martian atmosphere, does the pressure drop more slowly or more rapidly than on Earth?  
 
2) Given that the pressure of the earth’s atmosphere is around 14.7 lb/in2 
 a) During the day, land heats up faster than the ocean so by the afternoon the air over the land 

  may be 80oF (300K) and the  air over the ocean may be 63F (290K) . Calculate H over the 
   land and over the ocean.   

  b) Assuming the pressure at the ground over the land and over the ocean is 1atm, use your 
             values of H to calculate the pressures at z = 1000m.  

c) Since air moves from higher pressure to lower pressure, will the air at 1000m elevation 
    move from land to sea or from sea to land?  
d) As the air moves, there will be less air where it moves from and more air where it moves to. 

              What will this do to the amounts of air over the ocean and the land?  
e) What effect will the redistribution of air at 1000m do have on the ground-level pressures 

               over the ocean and the land?  
f) What sort of ground level air movement will the modified ground level pressures cause?  

              Will a breeze blow from the land to the sea or from the sea to the land?  

 
 
Why might the atmosphere behave differently from the ocean? Yes, one is a gas and the other 

a liquid….But why do gases and liquids behave differently? The answer is what this section is all 
about: the dimensions of objects change with pressure…  Air is much more “compressible” than 
water. A meter of water contains about the same mass of water whether it is under low pressure at 
the top of the ocean or under high pressure at the bottom. Thus, every time you go rise a meter in 
water, you lose about the same mass of water above you – so the pressure on you drops at a 
constant rate. Air is much more compressible than water. Air at ground level is under higher pressure 
than air up higher, so air at the ground is more compressed, containing more air per meter than air up 
higher. So when you rise a meter near the ground, you remove a greater amount of air from above 
you than when you rise a meter at higher elevation - so pressure drops more rapidly per meter near 
the ground than up higher.   
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We can quantify how lengths decrease as pressures increase:  
 

Now that we know what we mean by pressure, we can think about how the length of 
something changes as you increase the pressure on it.  

 
Imagine you have a long rod and you increase the pressure on its ends from 1 atm to 2 atm 

(P=1 atm). It will get shorter. What if you increase the pressure from 2 atm to 3 atm (P=1 atm)? 
Yes, it will get even shorter. But will the additional shortening be the same as when the pressure 
increased by 1 atm from 1 atm to 2 atm? What if you go from 2 atm to 4 atm? And does the 
shortening depend on how long the rod is?  
 

It turns out that, for solids & liquids, and for increases in pressure that 

aren’t too great, the fractional decrease in length (L/L) is proportional to 

the increase in pressure (P). This can be written as: L/L = -c * P. The 
constant here (c) is called the material’s “linear compressibility.” Here are 
some typical values of linear compressibility for some materials, with 
pressure increase expressed as psi (pounds per square inch):  
 
 These numbers are the millionths that a length decreases when P 
increases by 1 “pound per square inch” = 1 psi. For example, if you increase 
the pressure on water by 5psi, its length would decrease by 1.043 millionths 
of whatever its initial length was. Larger numbers indicate more 
compression for a given increase in pressure. The blue substances in the 
chart are liquids. 
 
 

ACTIVITY 2.8 
 

Suppose you have a 1ft x 1ft glass window in 10ft x 10ft steel submarine that dives to 1000ft 
underwater. The pressure in water increases by 1 atmosphere (14.7 psi) for each 32 feet of depth. So 
the pressure at 1000ft would be 1000ft x 14.7psi/32ft = 460psi. By how much would the 10ft of steel 
shrink? By how much would 1ft of glass shrink? Would you end up with a gap between the steel and 
the glass or would the steel end up crushing the glass?  
 

 
 Why do you think things differ in compressibility?  
 

 Maybe they contain different amounts of empty space – and those with more are more 
compressible?  

 Or maybe they are made up of little chunks which differ in squishiness.  

 Or maybe they are made of of hard chunks which are repelled from each other but which 
can be pushed closer together as pressure increases? 
 

The last is the generally accepted explanation. Something’s compressibility reflects how much 
energy it takes to move its atoms closer together. This is usually represented in an “energy vs 
separation” graph like those on the next page…  
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These curves illustrate that as atoms come together (moving from larger to smaller values on 

the x axis), their energies decrease until they reach a minimum and then increase as they get “too 
close” together. (Atoms can be a lot like people!) The rate of the final increase is what determines 
compressibility. A slow increase of energy as the atoms approach each other (left graph above) 
corresponds to a high compressibility. (You get a lot of “getting closer” for a given amount of energy). 
A rapid increase of energy as the atoms approach each other (right graph above) corresponds to a 
low compressibility. (You only get a little “getting closer” for a given amount of energy). 
 
Lengths increase as temperatures increase 
 

 
For solids and liquids, the 

fractional increase in something’s 
length is proportional to the 

temperature change: L/L =  T. 

(notice the similarity to L/L = -c * P?) 

Here  is called the substance’s 
coefficient of linear thermal 
expansion. Here’s a chart of some 
values of coefficients of linear thermal 
expansion:  
 
 Just as with compressibility, 
larger values indicate a greater change 
in length for a given change in 
temperature.  
 
 
 

ACTIVITY 2.9 
 

Estimate the increase in length of a 100 yard steel beam as it warms from a winter low of  

          -20oF (244K) to a summer high of 110oF (316K). (Use a value of  = 1x10-5/K.) 
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 Now why do you think lengths increase as things are warmed up? You’re probably thinking: 
“Well, the particles that make up stuff have more energy as they get warmer so they can get further 
away from each other and so they take up more space.” But wait, it is true that “the particles that 
make up stuff move faster as they get warmer” – but this doesn’t necessarily mean that they “take up 
more space.” Yes, their increased energy means they can get further apart – but it also means they 
can get closer together – which would mean they would take up less space. On average, the space 
they occupy wouldn’t change…. The explanation of thermal expansion is a bit more subtle…. 
 
The thermal expansion of a material reflects the asymmetry of the “energy vs separation” curves 
which were described on the preceding page and redrawn 
here: 
 
The “asymmetry” of this curve refers to how the energy rises 
faster as particles get closer together than as they get further 
apart.  
 
At a temperature of absolute zero, atoms have “0” energy and 
will be found at a separation corresponding to their lowest 
possible energy (the blue dot): 
 
As temperature rises, so does energy. When the atoms have the energy indicated by the green line, 
they will be able to come as close together as the leftmost dotted green line and move as far apart as 
the rightmost dotted green line. Their average separation will be what’s indicated by the green dot. As 
the temperature warms even more, so the atoms have the yellow line’s amount of energy, they can 
come as close or move as far apart as the dotted yellow lines indicate – with average position being 
given by the yellow dot. The red lines represent even higher temperatures. The black diagonal line 
shows how the average separation of the atoms (the colored dots) increases with temperature – 
hence the thermal expansion of this material. Note that this is a reflection of the asymmetry of the 
energy curve. If the curve was symmetric, the average separation of the atoms would not change 
with temperature and no thermal expansion would occur.  

 
Lengths also change (slightly) with speed.  
      

A stranger sort of size change is predicted by relativity theory: the length of something 
decreases as it moves faster and faster relative to an observer. But observed lengths (L) only start 
being noticeably smaller than their rest length (Lo) as their speed (v) approaches the speed of light (c):  
For example, at v=.9c (when you’re moving at 90% of the speed of light), L=.44*Lo – that is, you’re 
only 44% of the size you are when you’re standing still. This effect is even weirder because as you approach the speed 
of light, your mass also increases – so you end up being more stuff but also being smaller! Weird world eh?  

 
 
6) Are lengths additive? 
 

I think that quantities (like mass) that are conserved are automatically additive. However, 
things that are not conserved may or may not be additive (and things which are additive may or may 
not be conserved): 

 
Lengths are often not additive. For example, if you put a 1kg, 1ft long stick in a 2kg, 2ft long 
box, you get a total mass of 3kg, but you don’t get a 3 ft long object.  
 
Disorder, or entropy, is additive and yet is always increasing, so it is not conserved.  

 

2
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7) Do you feel bad for “space?” (this is an idle philosophical musing…) 
 

Someday, I hope that someone thinks more about our use of mass, rather than size, to indicate “how 
much” of something we have. It seems odd to think of mass as being “more important” than space. After all, 
space can exist without mass (i.e., a vacuum) but mass cannot exist without space to hold it - although 
apparently electrons (which have mass) are today thought of as being pure “points”(i.e. not occupying space).  
It also seems pretty arbitrary to focus our attention on the stuff that occupies space more than on the space 
that’s occupied. For example, when something expands, we say that “the something” has changed, rather than 
saying the space into which it has expanded has changed - we focus on the stuff rather than on the space that 
contains it. Maybe it doesn’t matter.  But maybe it does? 

 
8) How do you measure areas?  
      

Mathematicians define a “surface” as something on which, about each point, a two-
dimensional coordinate system (e.g., “x” & “y”) can be defined. The most familiar examples of 
“surfaces” are the boundaries of solid objects in ordinary three-dimensional space - though 
mathematicians have developed more exotic contorted surfaces that “cannot be embedded in three-
dimensional space at all” – but we won’t go there… 

 
The “size” or “area” of a surface is usually described in terms of how many squares (with a 

side = 1 unit of length) it takes to cover the surface. For example, areas are often given in units of 
“square meters” or “square feet” – which are often written as m2 or ft2.  

 
While “real” surfaces share the fractal-esque complications of “real” lengths, there are simple 

equations for the surface areas of “ideal” shapes that are often used to approximate “real” objects:  
  
 Area, A, of a rectangle of length L and width W:                   A = LW 
 Area, A, of a triangle of base B and height H:                   A= ½ BH  

 Area, A, of a circle of radius r:                    A = r2 
 Surface area, A, of box of length L, width W and height H:        A = 2(LW+LH + WH) 

 Surface area, A, of a right angle cylinder of radius r and height H:  A = 2r2H  

        Surface area, A, of a sphere with radius r:              A = 4r2 

 
Note: All formulas for areas must involve lengths x lengths so that you end up with units of length

2
. Did you 

notice the 5
th
 formula above: A = 2r

2
H? This can’t be right – because it has units of r

2
H which would be a 

distance cubed, not squared. The correct formula is A = 2rH. These formulas come from adding up the 
perimeters of cross-sectional slices taken through the different objects. For details, take a calculus class.  

 
The areas of odd shaped shapes have traditionally been measured by cutting them out of 

paper and then comparing the weight of the cutout to the weight of a unit square (e.g. 1 square inch) 
of the same paper. (See part “4” of activity 2.10) Today, computer scanners are often used to 
measure awkwardly shaped areas.  
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ACTIVITY 2.10 
 
1) When you look at the earth from outer space, it appears to be a circle with radius = R and area = 
_________ (in terms of R). But the earth’s surface is actually a sphere with radius R and the surface 
area that you see from space is really _______.  This means that if you know that you have X g/m2 of 
stuff (sunlight, asteroids, cosmic dust, whatever) headed toward the earth each second, the g/m2 that 
actually falls onto the earth’s surface would be: i) X    ii) 2X     iii) 4X     iv) X/2    or     v) X/4. 

 
2) Surface areas increase dramatically as things are cut into smaller pieces. For example, although 
the smallest (clay) fraction of soil is often a small % of a soil’s mass, it often accounts for 
more than 95% of the surface area of soil particles! 

i) What’s the surface area of a 1cm x 1cm x 1cm solid soil cube?  
ii) Now, take a .1cm x .1cm x .1cm cube off of the corner of the cube in (i). This will be 1/1000  
     of the original cube. Divide this little cube into 1012 cubes, each of which is .00001cm x 
    .00001cm x .00001cm. What is the surface area of one of these little cubes?  
iii) What is the surface area of the 1012 of these little cubes?  
iv) How does the surface area of the many little cubes compare to the surface area of the rest                

of the original soil cube that you didn’t subdivide?  
 
3) Estimate the surface area of a methane (CH4) molecule in 2. Model the 

molecule as a tetrahedron as shown to the right (A tetrahedron is a pyramid 
with a triangular base.) The 4 H atoms are at the 4 points and the C atom is 
in the middle. The outside of each H is ~146pm from the middle of the 
central C and the line from the central C to any one H forms a 109.5o angle 
with the line from the C to any of the other H’s.  
 
(Hint: First, split an H-C-H triangle into 2 right triangles and use sin(54.75) = 
O/H to get the length of ½ of an edge of the tetrahedron (I get 
=119pm).  
 
Next, use this length & twice it and the Pythagorean Theorem to get 
the height of a face of the tetrahedron (I get =206pm).  
 
Then use “area = ½ base * height” to get the area of ½ of a face (I 
get =12260pm2) 

 
Multiply this by 8 (there are 8 half-faces in the total surface) to get the total surface area (I get 
98060pm2).  
 
Finally, convert from pm2 to 2. (I get 9.82)  

 
I hope that someone finds an error with my calculations, because my PC Spartan software gets an 
answer of 512. Granted, this does account for the fact that the atoms in molecules are “smeared out 
a bit, but to get a tetrahedron with their surface area, I think the “C to outside of H distance” would 
have to be 332pm, almost 3x the accepted length of the C-H (nucleus to nucleus) bond   
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4) The thick black line on the map below outlines the watershed of our local Duck Brook: 
Let’s estimate its area… 
 
 
 
i) Trace this map onto another piece of paper, cut out the 
watershed and weigh it: ___________g 
 
 
 
 
ii) Use the scale on the map to cut out a 1.59mi x 1.59mi 
square (=2.53mi2) from the same paper and weigh it: 
_________g/2.53mi2 = _________g/mi2 
 
 
 
iii) Finally, use your weights to estimate the area of the 
watershed: _________mi2 

 
 

While the “normal” units of areas are things like square inches, there are others that you may 
run into. In particular, geographers (and environmental chemists) often use hectares (1ha = 100m x 
100m = 10,000 m2) or acres (1 acre was traditionally 1 furlong x 1 chain = 66ft x 660ft = 1/640 of a sq 
mile. 1 acre ~ 90 yards x 90 yard or ~ a squared American football field). 
 

WARNING: YOU WILL MESS UP CONVERTING AREAS:  

 
 To convert 2ft2 into in2, you cannot multiply by 12in/ft: 
 
  

Instead, you must square your 12in/ft conversion factor to get 144in2/ft2 and then multiply: 
   
 
 
 
 
 

ACTIVITY 2.11 
a) Convert these areas: 
 3.4ft2 = _______ in2   34m2 = ________ cm2  
  
b) Which is bigger: 1 hectare or 1 acre? 
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In chemistry, “area” arises in several contexts:  
 

a. The amount of some stuff #1 (like a pesticide) that can stick to some stuff #2 (like a 
soil or sediment or aerosol particle) is often a function of the surface area of stuff #2.  
 
 

b. The graph to the right shows that the 
energy released (y<0) or absorbed 
(y>0) when various alcohols dissolve 
in water correlates nicely with their 
“total surface area” (TSA):  
 
(Those with small TSA release more 
energy.) No such correlation is 
found with other properties of the 
molecules such as mass. 
 

c. The rate at which objects gain or 
lose heat or energy in the form of 
light is proportional to their surface area 

 
d. The rate at which chemicals react with each other increases as their contact area 

increases. (The large surface area of clouds of very finally divided flammable 
material makes them an explosion hazard in air.)  

Activity 2.12 
 
a) Here’s a diagram of a molecule of the 

pesticide Atrazine: (The gray balls = carbon 
atoms, the blue balls = nitrogen atoms, the 
white balls = hydrogen atoms and the green 
ball = a chlorine atom.) Let’s approximate it 
as an equilateral triangle with side =  
10x10-8m. What is the height of the triangle? 
(8.66x10-8m) 
 

b) what is the area of the triangular molecule? 
(4.33x10-15m2) 
 

c)  Suppose you have air that contains spherical dust particles with radius r = 0.1x10-6m. What 
is the surface area of such a particle? (1.25x10-13m2) 
 

d) If the air contains 1000 such dust particles per cubic meter, and their surfaces are 
completely covered with a single layer of atrazine (with no other molecules of atrazine in 
the air), how many atrazine molecules are in each liter of air?  
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9) How do you measure volumes?  

 
As with areas, volumes are generally calculated from lengths. It is worth remembering (or knowing 
where to look up) several of the more common formulae for volumes: 

 
  a box of length L, width W and height H V = L X W X H 
  a sphere of radius R     V = (4/3)πR3 
  a right-cylinder of radius R and height H V = πR2H             
                

While the volume of an object is often expressed in units such as 'cups' or 'gallons,' the more 
fundamental unit is a "cubic distance" - even if the object isn't a cube.  If you use the meter as your 
standard length, volumes will be in cubic meters (m3). For example, a cube 1 meter on each side has 
a volume of 1 cubic meter or 1m3. A normal chemistry .22m x .28m x .045m textbook has a volume of 
about .0028 m3.  
 

Of course, there are many other units in which volume may be measured and you need to be 
able to convert among units. Things I remember: 

 
1 liter = 1000ml = 1.057 quarts       1ml = 1cm3 1 quart = 4 cups 1gal=4quarts 

 
For example, when your mom calls, and says that SHE'S gone back to school, and that HER 

chemistry text has a volume of 5 cups. You measure yours and find that its volume = .0028m3. 
Whose text has the larger volume?    

 
As with mass and length, the standard method for comparing measurements made with 

different units is to convert one into the other. For example, lets convert the above text's (.0028 m3) 
into "cups." To convert units you must again look up equivalents in a table in handbooks such as the 
CRC Handbook of Chemistry and Physics For example, you may find:  

 
                       1 cup = 236.5 ml                1 ml  = 1 cm3       100 cm  = 1 m  
 
You can use this data to do the conversion: 
 
   m3  cm3  ml  cups 
 
                  0.002 m3 x (100 cm)3 x 1 ml  x  1 cup    = 8.45 cups 
                                      ( 1 m  )3    1 cm3   236.5 ml                
 
 Your text has a larger volume! 
 
WARNING: BE CAREFUL WHEN YOU ARE CONVERTING CUBIC 
UNITS – YOU NEED TO CUBE BOTH THE NUMERATOR AND 
DENOMINATOR OF THE CONVERSION FACTOR!  For example,  
(100cm/1m)3 is NOT 100 cm3/1m3 but IS 1003 cm3/1m3. 
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ACTIVITY 2.13 
 
a) Calculate the volume (in cm3) of the inside of a bicycle 
tire with a radius (rim to axle) of 20cm and a radius (center 
of tube to sidewall) of 1.5cm.   
 
 
 
 
 
 
b) Calculate the volume (in m3) of the earth's atmosphere if is assumed to consist of the air between 
the surface of the earth and an elevation of 10,000 meters of the earth's surface. (Assume that the 
earth's radius is 6,378,000 m.)  

 
 

c) Consider a 5km x 5km hillside that’s tilted 20o 
above the horizontal. Assuming that the hillside 
receives 5 inches of rain what’s the total volume 
(in in3) of rainfall received by the hillside?  
 
 
 
 
 
 
 
 

 
 Some of the volume-measuring devices you'll get to use at different times in lab include: 

  
    2013  typical 
    price          accuracy 
           & precision 
250ml beaker     $3.67     ~10  ml 
250ml Erlenmeyer flask     $2.80    ~10  ml 
250ml graduated cylinder  $21.00       ~.10 ml 
250ml volumetric flask       $36.25     ~.05 ml 
50ml   buret                        $80.35       ~.02 ml 
25ml   pipet                        $16.75       ~.01 ml 
      
(Notice how approximate markings are on beakers & 
Erlenmeyer flasks and the price of increased 
precision!)            
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Note: Glassware is calibrated to be used with water (or aqueous 
solutions) and to get an accurate reading, you need to read where the 
bottom of the curved miniscus is - and to read to 1 more decimal place than 
there are divisions. For example, assuming the buret to the right is full of an 
aqueous solution, it contains 68.00ml of fluid. Fluids other than water may have 
a differently shaped meniscus and so may give inaccurate volumes.   

 
Glassware is also often used to measure the volume of irregularly shaped 

objects by measuring the displacement of some fluid that the object neither 
dissolves in nor reacts with.  

 

ACTIVITY 2.14 
 
After zeroing a triple beam balance, an object is massed and gives the reading on the left. It’s then 
immersed in a graduated cylinder containing water at the level of the left-most graduate below. After 
the object is added, the water in the cylinder rises to the level shown on the right. What is the mass of 
each ml of the object?  
 

 
 
Glassware can also be used to measure the volumes of 

gases, by bubbling a gas into something which is sealed at the 
top and which starts completely filled with a liquid in which the 
gas does not dissolve and with which the gas does not react:  
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Two cautions when measuring volumes of gases:  
 
1. This only works if the gas you’re collecting neither reacts with nor dissolves in the fluid that 

you’re using. This is one reason that mercury is often used as a fluid – though it is toxic. 
 

7) Volumes of gases are very sensitive to the pressure exerted on them, and you need to be a 
bit careful in thinking about the pressure of a gas trapped by some liquid: 

 
In the pictures to the right, the pressure of 
the gas trapped in the left-hand setup 
(Pgas) is less that that of the atmosphere 
(Patm), so the gas will occupy a greater 
volume than if it were at atmospheric 
pressure. (You can see this because Pgas 
+ Pliq = Patm so Pgas = Patm - Pliq). If you 
want the volume of the gas when it’s at 
atmospheric pressure, you need to move 
the collecting cylinder downward until the 
heights of liquid inside and outside the 
collecting tube are equal - as shown in the 
right hand picture. At this point, Pgas = 
Patm. 

 
10)  How much sugar is in a cup of sugar?” 
 

Just as with lengths and areas, it’s not always obvious what you mean by the volume of 
something. You may have run into this problem while cooking. Say your recipe calls for a cup of 
flour. Hmm..exactly how tightly are they assuming that you pack down that flour?  

 
The same sort of problem arises in chemistry. Say that an experiment calls for 1.588 grams of 

sucrose (table sugar) but that you don’t have a balance handy. You do, however, have a ruler and a 
handbook of chemical data, and some sugar cubes. When you look up sucrose in your handbook, 
you find that its density = 1.588g/cm3, so 1 cm3 of sucrose should have a mass of exactly 1.588g. 
What a coincidence – you need 1cm3 of sucrose. Next, armed with your ruler, you measure your 
sugar cubes until you find one that is exactly 1cm x 1cm x 1cm so it has a volume of 1cm3 - so its 
mass should be 1.588g. But hold on...what are all those little spaces between the crystals of sugar in 
your cube??? Are they part of the 1cm3 that the handbook says has a mass of 1.588g or not? (When 
I actually measured a sugar cube, I found that 1cm3 had an average mass of only 0.9333g!)   

 
The same problem even arises when you can’t see any empty spaces... For example, I know 

that an average atom of iron has a mass of 9.27x10-23g and a volume of 8.02x10-24cm3. So 1cm3 of 
iron should have a mass of 11.6g. But 1 cm3 of iron actually has a mass of only 7.86g! Why is this? 
It’s because even though the iron atoms are really close together, they still only fill 74% of the 1 cm3 - 

and in between the atoms is “nothing” - which has a mass of zero. It’s sort of like grapefruits in a box 
- except that grapefruits are separated by air....   

 
Of course, air itself is even more mostly nothing. One liter (1000cm3) of air (at 25oC and a 

pressure of 1 atmosphere) contains 1.97x1022 molecules of nitrogen (each with a volume of 
23.44x10-24cm3) and 3.94x1021 molecules of oxygen (each with a volume of 23.22x10-24cm3). But this 
adds up to only .55cm3 which is only 55/100,000ths of the total volume! 99.945% of air is empty 
space! (Cool eh? Yep, “nothing” is actually a “something”!) 
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We’ll soon see that even atoms themselves are “mostly nothing.” More than 99.99% of an 

atom’s mass is found in only ~1/10,000 of its volume. Cool eh. Atoms, and everything made from 
them (like us) are mostly empty space!  

  

ACTIVITY 2.15 
 

a)  If 1cm3 of pure sugar (sucrose) has a mass of 1.537g, estimate the % of a sugar “cube” that is 
empty space if the cube measures 2.5cm x 1.91cm x 1.04 cm and has a mass of 4.635g. 
 
 
b) If “one cup” of sugar (sucrose) has a mass of 230g, how much of “the cup” is actually sugar?  
   
 
 
 
11 So let’s measure some volumes:  
 
 For example, the volumes of the objects we massed earlier are: 
 
  Copper        Copper   30% Ethanol Ethanol    Propane     Air 
  Sulfate                   70% water 
volume ml ____          _____    ________    _______      ______     _____ 
 
12) Are volumes additive or conserved?.  
 
 For example: 
 
        10cm3 of sugar          + 100 cm3 of water  =  109.6  cm3 of solution (NOT 110cm3) 
 
  10cm3 of ethyl alcohol  + 100 cm3 water     =  109.25 cm3 of solution (NOT 110cm3) 

 
Because of the non-additivity of volumes, handbooks (like the CRC Handbook of Chemistry 
and Physics) have extensive tables of properties of solutions like that on the next page: 

 



Chapter 2: Density pg31 
 



Chapter 2: Density pg32 
 

To see what all these numbers mean, look at the line starting with “20.00" in the A % by wt column 
 

symbol Quantity So… 

A the % by weight of 
dissolved stuff 

20.00 means that 100g of this solution contains 20.00g NaCl  
(and so it must also contain 80g H2O) 

D20
20       density at 20oC____ 

density of water at 20oC 
1.1498 means the solution is 1.1498x as dense as pure water 
(which = 0.9982041g/cm3); so the solution density = 1.1477g/cm3; 
so 100g has a volume of 87.13ml. This is over 2cm3 less than the 
sum of the volumes of its 80g water (80.144cm3) + its 20.00g NaCl 
(9.238cm3) = 89.382cm3 

Cs concentration of dissolved 
stuff     (grams/liter) 

You might think that since water has a density of ~1g/ml, a 20% 
solution would have 20g dissolved stuff per 100ml or 200g/liter. 
But since this solution is denser, it takes only 87.13ml to weigh 
100g. This 100ml would contain 22.96g dissolved stuff and 
1000ml would contain 229.6g. 

M molarity of dissolved stuff 
(moles/liter) 

Chapter 3 will show that 1 “mole” of NaCl = 58.35g, The 229.6 of 
NaCl in one liter of this solution =  3.927 x 58.35 grams  

Cw concentration of water in 
the solution (g/liter) 

Since the mass of 1L = 1000x the mass of 1cm3 = 1147g, and 1L 
contains 229.6g salt, it must contain 1147.7-229.6 = 918.2g water. 

Co-Cw water displaced by 
dissolved stuff 
(grams/liter) 

1 L of pure water = 998.204g but 1 L of this solution contains 
918.2g water – a drop of 80.0g  

(n-no) x 
104 

increment of refractive 
index above pure water 

Pure water’s n = 1.333; the solution’s n = 1.3684, so the difference 
= .0351 = 351x10-4 (~354x10-4) 

n Refractive index n = speed of light in vacuum = 1.3684 
      speed of light in solution 

(light goes 1.3684x faster in vacuum than in this solution) 

 freezing point depression This solution freezes at 16.45oC below where pure solvent (water) 
freezes (fp=-16.45oC) 

S osmosity (the molarity of 
an NaCl solution with the 
same freezing point as 
this solution) 

Since this is NaCl, this is the same as M = 3.927 

 

 
ACTIVITY 2.16 

 
What volume of water and what mass of salt would you combine to make a liter of a 10% NaCl 
solution?  
 
What would the total mass of this solution be?  
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13) How do volumes vary with pressure or temperature? 
 

Because lengths change with pressure or temperature and because volumes reflect lengths, 
volumes also change with pressure and temperature.  
 
Volumes decrease as pressures increase:  
 

For solids & liquids, and for pressures that aren’t too extreme, the 

fractional decrease in volume (V/V) is proportional to the increase in 

pressure (P). This can be written as: V/V = -c * P. The constant here 
(c) is called the material’s “isothermal compressibility.” Here are some 
typical values of isothermal compressibility:  
 
 The blue substances are liquids. These numbers are the millionths 
that a volume decreases when P increases by 1 “pound per square inch” 
= 1 psi. For example, if you increase the pressure on water by 5psi, its 
volume would decrease by 3.13 x 5 millionths of whatever its initial 
volume was. 
 
 These numbers are 3x the corresponding coefficients of linear 
compressibility shown on p 46.  
 
(Calculus folks can see why:  
 

But from page 46, dL/L = dP so dL/dP = L and plugging this into the previous equation gives c = 

3 
  
You may have noticed that there are no gases in the chart above. Gases are much more 

compressible than solids or liquids and they are more compressible the lower their pressure. 

Instead of V/V = -c * P, as it is for solids and liquids, for a gas: V/V = -1/P * P. In effect, a gas’s 
compressibility = 1/(its pressure). This means that as a gas’ pressure gets larger, its compressibility 
gets smaller – i.e. it gets harder to compress.  
 
 

ACTIVITY 2.17 
 
As you go deeper into the earth’s crust, the pressure increases by ~4350psi per km. What would the 
volume of a 1m3 steel cube be if it was buried at a depth of 10km? What would the length of each of 
its sides be? 
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Volumes increase as temperatures increase 
 

For solids and 
liquids, and for 
temperature changes that 
aren’t too great, the 
fractional increase in 
volume is proportional to 
the temperature change:  

V/V = k T. Here k is the 
substance’s coefficient 
of thermal expansion.  
 
 
 

 
For a gas, its fractional change in volume as temperature changes equals the fractional 

change in temperature– as long as temperatures are measured in Kelvin (=oC + 273.15): V/V = 

T/T. You can think of this as V/V = (1/T)T – so a gas’s coefficient of expansion is 1/T. As a gas’s 
temperature increases, its volume changes less as its temperature increases more. For T around 

room temperature (298K), a T of 1K is a fractional change of 1/298 – 3.3x10-3 – which is about what 
is shown on the chart above.  
 

ACTIVITY 2.18 
 
Temperature increases by about 20oC = 20K per km as you go through the top 10km of the earth. By 
how much would this undo the compression of the 1m3 block of steel described in activity 1.21? 
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14) How much do materials differ in their densities?  
 

Now that we’ve beaten both mass and volume into the ground pretty thoroughly, we can get 
back to talking about density as an example of an intensive property that can used to identify 
materials. A reminder: Density = how much mass is in a unit volume of something. Here’s a chart 
of some densities (g/cm3) (at T=25oC and P = 1atm)….  

 
 

Gases (densities ~.001 - ~.005g/cm3) 

 
Hydrogen 

.000 08 

 
carbon 

monoxide 

.000 115 

 
Helium 

.000 166 

 
water 
vapor 

.000 737 

 
Neon 

.000 838 

 
Nitrogen 

.001 14 

 
dry air 

.001  2 

 
Oxygen 

.001 30 

 
carbon 
dioxide 

.001 83 

 
Ozone 

.001 96 

 
sulfur 

dioxide 

.002 62 

 
Chlorine 

.002 9 

 
Argon 

.001 66 

 
nitrous 
oxide 
(N2O) 

.001 8 

 
Propane 

.001 8 

 
nitrogen 
dioxide 
(NO2) 

.001 88 

 
Octane 

.004 6 

 
Xenon 

.005 48 

 
sulfur hexa- 

fluoride 

.005 97 

 
 

 
 

 
Liquids (densities ~.7 to ~2g/cm3) 

 
octane 

~gasoline 

.7025 

 
Ethanol 

.789 

 
Benzene 

.88 

 
vegetable 

oil 

.93 

 
 

 
Water 

.997 

 
Seawater 

1.025 

 
acetic acid 

1.05 

 
Glycerol 

1.263 

 
dichloro-
methane 

1.33 

 
chloro-
form 

1.5 

 
1,2dibromo 

ethane 

1.92 

 
Bromine 

3.2 

 
Mercury 

13.5 

 
solids (densities ~1 to ~20g/cm3) (#s in ( ) = when molten) 

 
Aerogel 

.003 

 
Cork 

.24 

 
Lithium 

.53 (.52) 

 
Oak 

.75 

 
poly- 

propylene 

.905 

 
Ice 

.917 
(.997) 

 
poly- 

ethylene 

.92-.97 

 
Sodium 

.97 (.93) 

 
Teak 

.99 

 
Asphalt 

.997 

 
poly-

styrene 

1.06 

 
Ebony 

1.2 

 
Plexiglas 

1.24 

 
Calcium 

1.55 
(1.36) 

 
Sugar 

1.59 

 
Salt 

2.17 

 
Granite 

2.5 

 
Glass 

2.6 

 
Aluminum 

2.7 (2.38) 

 
Cement 

3.1 

 
Diamond 

3.4 

 
Iron 

7.86 (7.03) 

 
Cobalt 

8.9 (7.8) 

 
Copper 

8.9 (8.0) 

 
Silver 

10.5 (9.3) 

 
Lead 

11.34 
(10.7) 

 
Gold 

19.3 
(17.4) 

 
Osmium 

22.4 
(20.1) 

 
Notice that gases are almost always less dense than liquids and solids. 
Two densities that I remember are: 

  Water ~ 1g/cm3  dry air at “normal condition” ~ 1g (1.185g)/L 
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Activity 2.19 
 
Before going on to talk about what you can do with density, it might be worth pausing to speculate on 
why materials differ in their densities. Can you come up with possible reasons? (The point here is not 
to come up with the reason that everyone else believes is “right” but to exercise your creativity and 
come up with as many possible reasons as you can!) 

  
15) Can density be used to identify materials?  
 
Because density is an intensive property, it can be used to help identify materials. For example: 
 

a) You can judge the purity of gold (1 carat = 1/24th) by measuring its density: 
 

Stuff: Fools 
gold 

Cu Sterling 
silver 

silver 9carat 
gold 

Pallad-
ium 

14 carat 
gold 

18 carat 
gold 

22 carat 
gold 

24 carat 
gold 

950 
platinum 

Pure 
platinum 

Density: 
(g/cm

3
) 

5 9 10.25 10.5 11.8 12 13.8 15.6 17.75 19.3 20.1 21.4 

 
The 1st known use of this method was by Archimedes in Syracuse, Sicily, ~2200 years ago. 

The following is quoted from Vitruvius, a Roman historian writing around 0AD: 
 

“Heiro, after gaining the royal power in Syracuse, resolved, as a consequence of his successful exploits, to place 
in a certain temple a golden crown which he had vowed to the immortal gods. He contracted for its making at a fixed 
price and weighed out a precise amount of gold to the contractor. At the appointed time the latter delivered to the king's 
satisfaction an exquisitely finished piece of handiwork, and it appeared that in weight the crown corresponded precisely 
to what the gold had weighed. 
 

But afterwards a charge was made that gold had been abstracted and an equivalent weight of silver had been 
added in the manufacture of the crown. Heiro, thinking it an outrage that he had been tricked, 
and yet not knowing how to detect the theft, requested Archimedes to consider the matter. 
The latter, while the case was still on his mind, happened to go to the bath, and on getting 
into a tub observed that the more his body sank into it the more water ran out over the tub. 
As this pointed out the way to explain the case in question, without a moments delay and 
transported with joy, he jumped out of the tub and rushed home naked, crying in a loud voice 
that he had found what he was seeking; for as he ran he shouted repeatedly in Greek, 
"Eureka, Eureka." 
 

Taking this as the beginning of his discovery, it is said that he made two masses of 
the same weight as the crown, one of gold and the other of silver. After making them, he 
filled a large vessel with water to the very brim and dropped the mass of silver into it. As 
much water ran out as was equal in bulk to that of the silver sunk in the vessel. Then, taking out the mass, he poured 
back the lost quantity of water, using a pint measure, until it was level with the brim as it had been before. Thus he found 
the weight of silver corresponding to a definite quantity of water. 
 

After this experiment, he likewise dropped the mass of gold into the full vessel and, on taking it out and 
measuring as before, found that not so much water was lost, but a smaller quantity: namely, as much less as a mass of 
gold lacks in bulk compared to a mass of silver of the same weight. Finally, filling the vessel again and dropping the 
crown itself into the same quantity of water, he found that more water ran over for the crown than for the mass of gold of 
the same weight. Hence, reasoning from the fact that more water was lost in the case of the crown than in that of the 
mass, he detected the mixing of silver with the gold and made the theft of the contractor perfectly clear.”  
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b) Say that you want to figure out if some clear colorless liquid is drinkable grain alcohol  
(ethanol) or poisonous rubbing alcohol (isopropyl alcohol).  
 

You could tell by drinking it and seeing what happens, but that seems silly, so you decide to 
measure its density and compare your value to published densities (at 20oC): 
 

             ethanol = .789 g/ml       isopropyl alcohol = .785 g/ml 
 
           Say you decide to measure the mass of 25 ml of liquid. For measuring the volume, you could 

choose a 25ml flask, a 25.0ml graduated cylinder or a 25.00ml pipet. 
 

Since the difference in density you're trying to detect is about 4 parts in 790 (.004 in .790), 
you'd better shoot for 4 significant figures (1 in 1000) – and you'd better use your pipet to 
measure the volume.  

     
     To measure your sample's mass you need to choose among balances:  
 
  a large triple beam balance    a small triple beam balance    an analytical balance 
 
 First, you need to consider if your 25 ml + your container will fit on the balance 
 
 balance capacity:   3000g                    300g                160g 
 

Unless you use a very massive container, you should be OK with any of them and you can 
choose a balance by precision/accuracy. Your liquid's mass will be about 25ml x .8g/ml = 20g. 
To get 4 sig figs, you should measure this to 20.00g. The scales are readable to about:  
 

       .1g                     .01g                .001g 
 

So it looks like you should be able to use the small triple beam (but the analytical would be 
safer). We’ll try this in class or lab:  
 

    mass empty beaker    _______g 
 
    mass beaker + 25.00ml liquid  _______g 
 
    density = mass/25.00 =    _______g/ml 
 
    So your liquid = _______________________ 
  



Chapter 2: Density pg38 
 

ACTIVITY 2.20 
a) In the hood in the lab is a solid black rod that someone brought to me after finding it while diving in 
Frenchman's Bay. Measure its density and use a handbook or online data to guess what it’s made 
from. 
  
b) Also in the hood in the lab is a flask containing some green salt-water. Determine its concentration 
(and estimate the uncertainty in your answer) by measuring its density and comparing your result to 
the following tabulated densities: 
 g salt/100g water: 0 5  10  15  20  25 
 density g/ml  1 1.0359 1.0726 1.1105 1.1498 1.1909 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
16) How does density allow you to convert between mass and volume? 
 
Something’s density tells you the mass of a given volume of it - like g/cm3. Therefore, if you have a 
certain number of those volumes (a certain # of cm3), you just multiply that number by the density to 
get the total mass you have: cm3 x g/cm3 = g. That is:  
 

mass = volume x density     or    m = V x D 
 

NO, DON’T MEMORIZE THIS - THINK ABOUT IT 
SAVE YOUR MEMORY CELLS FOR OTHER USES 

IF YOU REALLY UNDERSTAND DENSITY, THE MATH SHOULD BE OBVIOUS 
IF NOT, ASK SOMEBODY HOW THEY THINK ABOUT IT 

 
If you have a certain mass of stuff and you want to know its volume, the density tells you how many 
grams it takes to get a unit volume, so the number of unit volumes you have is equal to the number of 
those gram amounts that are in your total mass. So...you need to divide your mass by the density to 
get the volume: g / (g/cm3) = cm3. That is:  
 

m / D = V 
 

NO, DON’T MEMORIZE THIS - THINK ABOUT IT 
SAVE YOUR MEMORY CELLS FOR OTHER USES 

IF YOU UNDERSTAND DENSITY, THE MATH SHOULD BE OBVIOUS 
IF NOT, ASK SOMEBODY HOW THEY THINK ABOUT IT 
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   For example:  
 

a) How big of a beaker do you need to measure out 500g of water? (use D=1g/ml) 
 

Well, you need a 1ml beaker for each gram, and you’ve got 500g, so, gee, maybe you 
need a 500ml beaker: 500g x 1ml/1g = 500 ml   

 
b) How much air has a mass of 7.5 kg?(use D = 1.185g/L) 
 

   Well, each 1.185g takes up 1 liter 
 
   How many 1.185g are there in 7.5kg (7500g?): 7500/1.185 = 6329 
 
   So 7.5kg should take up 6329L:  7.5kg x 1000g/kg x 1L/1.185g = 6329L (6.3m3) 
 

(It’s worth knowing how to see that this is the same as a cube ~1.85m on a side. To see 
this, you need to know the volume of a cube = length3, so the length of a side = the 
cube root of the volume. But this is the same as the volume raised to the 1/3 = .333333 
power. So on your calculator, use the ^ button to raise 6.3 to the .33333 power and you 
should get 1.85m)    

 
c) What’s the mass of Bubble Rock? (Assume it is a granite sphere of radius 2m and density 
2.7g/cm3 ) 
 

   volume = 4/3 π (2m)3  = 33.5m3 x (100cm/m)3  
       = 3.35x107cm3 

 
   The density says each 1 cm3 has a mass of 2.7g  
 
   So 3.35x107cm3 should have a mass of  
    3.35x107cm3 x 2.7g/cm3 x = 90,450,000 g 
    (= 90,450kg ~ 90 tons!) 

ACTIVITY 2.21 
 
1) When baking, why is it better to measure your flour by weight rather than by volume? 
 
2) Why is it better to fill your gas tank in the morning or evening rather than at midday? 
 
3) A package of aluminum foil covering 75 ft2 weighs ~12oz. If aluminum’s density is 2.7g/cm3, how 
thick is the foil? 
 
4) If the average density of maple is .7g/cm3, how many 16" long x 7" diameter maple logs (density = 
.7g/cm3) can be carried in a truck with a 1.5 ton load capacity? 
 
5) A common way of controlling mosquito hatches is to spread a layer of cooking oil on top of 
stagnant water during the hatching season. Given that when oil spreads out on top of water, it forms a 
layer 1 molecule (2.5x10-9m) thick, what area of water would a teaspoon (5g) of oil cover? (assume 
oil density = .93g/cm3) 

 



Chapter 2: Density pg40 
 

17)  How does density determine what floats on what?     
 
I think that most people know that “less dense things float on more dense fluids” (liquids or gases). 
But have you really thought about how amazing this is? Sure, a chunk of Styrofoam floats on water. 
But so does a 2500 ton block of Styrofoam – even if it’s a column where all that weight is focused on 
a tiny area. That’s amazing… 
 
I’m also pretty sure that most people haven’t really thought about why whether or not something floats 
depends only on density – and not on things like total mass or shape… Have you?  
 

ACTIVITY 2.22 
 
How would you explain why things float in liquids which are denser than they are?  
 

 
 

The accepted reason is that whenever an object is less dense than the fluid it’s in, the fluid exerts an 
upward force on the object’s bottom that’s greater than the downward forces of the object’s weight 
plus the weight of fluid on top of the object. (The math to see this follows…)  
 
Let’s first calculate the forces Ftop and Fbottom that a fluid exerts at depths Dtop and Dbottom at the top 
and the bottom of a submerged object.   
                  
 Ftop  = gravitational attraction of the fluid above Dtop 
   (in the dotted box in the figure) 
  = mass of fluid in dotted box • g (accel. of gravity) 

  = volume of fluid in dotted box• ρf (density of fluid) • g 
  = area of object top • Dtop • ρf • g     
  = A • Dtop • ρf • g 
 
 Fbottom = the same as if the object wasn’t there  
  = the gravitational attraction of the fluid above Dbottom 
   (in object + dotted box above it) 
  = mass of fluid • g (acceleration of gravity) 
  = volume of fluid • ρf (density of fluid) • g 
  = area of bottom • Dbottom • ρf • g  
  = A • Dbottom • ρf • g (assuming area of bottom = area of top) 
 
The net upward force exerted by the fluid on the object is the difference between the downward force 
on the top and the upward force on the bottom: 
     = Fbottom - Ftop    
     = A • ρf • g • Dbottom  -  A • ρf • g • Dtop  
     = A • ρf • g • (Dbottom - Dtop) 
 
Realizing that Dbottom - Dtop = the height of the object and that height • area (A) = the object’s volume 
(V), you get:   
    Net upwards force = Fup = V • ρf • g    
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Now the force with which gravity pulls down on the object is: 
  Fdown  = mass of object • g (acceleration of gravity) 
  Fdown   = (density of object • volume of object) • g 

  Fdown = o • V • g  
 

So the total upward force = Fup – Fdown = V • ρf • g - o • V • g = V • g • (ρf - o) 
 

This means that: 

 If ρf > o (the object is less dense than the fluid) then the total upward force > 0 and the 
object rises 

 If ρf < o (the object is more dense than fluid) then the total upward force < 0 and the 
object sinks.   
 
So what? Well...... 
 
1) If you know the densities of things, you can assemble cool layered displays with less dense 
materials atop more dense ones. For example:  

 

MATERIAL Color, flavor 
DENSITY 

g/cm
3
 

Southern Comfort (amber, peach/apricot) .968 

Ouzo (clear, licorice) .984 

Kirsch (clear, cherry) 1.021 

Cointreau (clear orange) 1.0385 

Grand Mariner (amber, orange) 1.039 

peach schnapps (clear,peach) 1.040 

Peppermint schnapps (clear, mint) 1.042 

brandy  1.043 

Irish Cream (tan, creamy) 1.05 

Curacao (blue, orange)  

Drambui (amber honey scotch) 1.081 

Amaretto (amber, almond) 1.084 

Galliano (yellow, vanilla licorice) 1.11 

Golschlager (clear w gold, cinnamon) 1.111 

Creme de Menthe (green mint) 1.12 

Kahlua (brown, coffee) 1.152 

Grenadine (red, cherry) 1.182 

 
Or for those under 21 years old… 
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2) You can identify (or sort) different types of (pure) plastics by using their different densities: 
 
 

           
 

3) There are also many pollution situations where floating or sinking is important:  
 
  -Whether insoluble pollutants travel along the top or bottom of groundwater   
  aquifers supplies depends on their density: 
                 Density of gasoline       = 0.702 g/ml (floats) 
                Density of water      = 1.0   g/ml 
                Density of chlorinated hydrocarbons, such as CCl4   = 1.59  g/ml (sinks) 
   (=DNAPLs = dense non-aqueous phase liquids) 
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-Whether air pollutants rise to the top of rooms or sink to the floor is  
 determined by their density compared to air’s (1.185g/L)   

   
         Lighter than air (rise):   Heavier than air (sink): 
   hydrogen =  .082 g/l  nitric oxide  = 1.2   g/l 
                helium  =   .164 g/l   carbon monoxide =  1.372 g/l  
   methane =  .64  g/l  hydrochloric acid = 1.44  g/l 
   ammonia =  .68  g/l  carbon dioxide = 1.8   g/l (dry ice) 
        ozone   = 1.96  g/l 
 

4) Intracellular organelles contain different proportions 
of low density fat and high density protein and so have 
different densities:  

 
  

Such organelles can be separated from each other by 
centrifuging them in tubes of sugar water with a 
gradient of concentrations from high [ ] and high 
density at the bottom to lower [ ] and lower density at 
the top. The different organelles will come to rest at a 
depth with density equal to theirs.  

 
 
 

 
5) People who like pomegranates often do an experiment like #4 in 
their kitchens. The fastest way to separate the sweet (edible) “arils” 
from the fatty (inedible) pomegranate flesh is to rub the cut-open 
fruit under water - the lower density flesh floats, and the higher 
density arils sink.  
    
 
 
 
 
 
 
6) Densities of liquids are commonly measured 
with “hydrometers” – hollow but weighted glass 
objects with a scale on a long neck. The 
hydrometer sinks until it displaces a mass of fluid 
equal to its mass. It will have to sink further in a 
low density liquid so you can read the density off 
the readings on the neck. If you know what’s 
dissolved and increasing the density of the water, 
you can buy hygrometers that directly tell you the 
concentration of the solution (such as that to the 
right that indicates the concentration of sugar in 
water):  



Chapter 2: Density pg44 
 

 
7) Chemicals are often “extracted” from 
complex mixtures by adding an 
“extraction solvent” to the mixture which 
a) doesn’t dissolve in it and b) does 
dissolve the chemical of interest. This 
produces two layers, one of which 
contains most of the chemical of 
interest. It’s obviously important to know 
if the layer of interest is on top or on the 
bottom - and this is determined by their 
relative densities.  

 
 
 
 
 
 
8) As the graph below left shows, fresh water is most dense at 4oC (39oF), This means that in 
summers, fresh waters “stratify” - with less dense (warmer) water atop colder, more dense 
water. In the winter, fresh water “inverse stratifies” – with less dense (colder) water atop 
warmer but denser 4oC water. Although surface waters may drop to 0oC in winter, that water is 
less dense than the deeper 4C water, so it stays at the surface. As the graph below right 
shows, in winter, the warmest water in a lake is at the bottom of a lake.  
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The graph to the left below shows that as the salt content of water increases, both its freezing 
point and its temperature of maximum density decrease. The temperature of maximum density 
stays above the freezing point (so liquid is density than ice & ice floats) until ~25 parts per 
thousand salt. Typical seawater contains >30parts per thousand salt, so it freezes before 
reaching its maximum density. This means that, in contrast to lakes, the coldest water in the 
oceans is at the bottom. (This is shown to the right below.) 

 

 
 

9) Unlike the solid forms of most liquids, ice is less dense than liquid water - so ice floats. This 
is a good thing.  
 

  -This makes ice form on top of bodies of water, which then 
insulates the liquid underneath from the colder air above, making 
the deep water less likely to freeze and making it more 
hospitable to life. If ice sank, then more and more would form at 
the cold surface, sink, so more would form at the surface and 
sink etc - until the water was solid ice from top to bottom. Ice’s 
low density explains why it’s very hard for lakes or the oceans to 
freeze solid - even in extreme ‘snowball earth’ events. This may 
have allowed life to survive under the ice until a thaw. (There are 
at least 120 lakes which are still liquid under millions of years of 
Antarctic ice, such as Lake Vostok shown at right:)  

   
   

-Of course, ice isn’t much less dense than water, and so, 
since things sink until they displace a mass of liquid equal to 
their mass, ice sinks almost completely when it floats. (If 
1cm3 of ice has a mass of .917g and 1cm3 of seawater has a 
mass of 1.02g, a 1cm3 ice cube would sink until it displaces 
.917/1.02 = .9cm3. That is, 90% of the ice would be 
underwater. This is why, as this picture shows, most of an 
iceberg is underwater: 
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  -The fact that ice is less dense than liquid water also means that water expands when it 

freezes. This leads to extensive cellular damage (if the water is in biological cells, you 
get frostbite) or structural damage (i.e. burst water pipes) 

 
10) There’s a lot of press these 
days about whether an “ocean 
conveyor” exists. Some feel it’s a 
slow, planet-wide ocean 
circulation that is crucial for 
redistributing solar warmth from 
the tropics to higher latitudes. Its 
possible path is drawn to the 
right: 
 
In broad terms, surface ocean 
water sinks in the north Atlantic 
and near the Antarctic. (the 
yellow ovals) It then flows along 
the ocean floor (purple lines) and 
rises in a variety of places 
(circles with dots) 
 
If this flow does exist, there’s a lot of interest in what causes it – because some fear that global 
warming may actually shut down this flow, bringing some sort of ice age to the north Atlantic.  
 
The commonly accepted explanation for what causes this conveyor goes like this: 
  
A) As the map below right shows, there is high (>36%) salinity sea water forms at ~30oN. This 
is caused by the atmosphere’s dry equatorial Hadley cell returning to earth at ~30o N & S to 
cause evaporation of water, leaving the salt behind: 
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B) At low latitudes, oceans are cooler than land, which 
makes the oceans be centers of high pressure. In the 
northern hemisphere, air circulates clockwise around 
high pressure areas, and this drives the high salinity 
surface water up the eastern US coast: 

 
 
 
 
 

C) As the waters move north, they 
receive less and less sunlight 
(& thus less heating) during 
the day - while still cooling at 
night. This makes the waters 
cool as they move northward.  
 
As the water moves north into 
the rainy belt ~45oN its salinity 
decreases a bit (see sketch to 
near right), but because it 
started at such a high salinity, 
it remains fairly salty (see map 
at far right).  
 

(In winter, the northward moving water 
gets even saltier as fresh water is 
removed to form icebergs. In summer it 
gets less salty as freshwater ice melts.)  
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The graph below shows that the increased density from cooling is more than the decreased 
density from becoming less salty (north Atlantic = NA and tropics =T): 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
The usual argument says that this dense water sinks in the North Atlantic & that’s what partly 
drives the ocean conveyor! 
 
Another driving force is often thought to be water sinking near the Antarctic. Air atop the cold & 
dry Antarctic plateau becomes dense & sinks downward toward the ocean. This air warms as 
the pressure on it increases and keeps sea ice from forming near the shore. This creates 
“polynyas” (year-round ice-free areas of ocean). As more (freshwater) ice forms in (and is then 
blown away from) the polynyas, the water there becomes saltier & saltier – so it becomes 
denser and denser and eventually sinks. Here’s a cross-section of the Atlantic’s circulation.  

 
The trouble with the above explanations is that the water that’s beneath the “gotten denser” 
water in the N Atlantic or off Antarctica also used to be “dense surface water” - but which has 
sunk. As it sinks, the pressure on it increases, so it’s compressed, making it even denser than 
the water that’s at the surface. So: Why do these areas of admittedly dense surface water 
sink - when the water under them is actually denser?   
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The actual explanation is likely to be a combination of several factors:  
           

1) Water is evaporating in the tropics - decreasing the pressure at depth there, allowing 
the dense northern surface water to push the water beneath it up to the surface where 
the evaporation has occurred. (It’s almost as if evaporation is a sort of vacuum cleaner, 
sucking the cold dense water down - except that nature never sucks.)  

  
2) Turbulence from wind and tides moves the surface warmth in the tropics to deeper 
depths, decreasing the density there, allowing water to rise, making room for water to 
sink - and the densest water (in the N Atlantic and off Antarctica) sinks the fastest. This 
means that the ocean conveyor may actually depend on the moon – for that controls the 
tides! Heating from sea-floor hydrothermal inputs may also be important and may tie 
ocean circulation to rate of tectonic movement (which may also be influenced by the 
moon). 

  
3) The earth’s Coriolis force causes water at the equator to flow pole-ward and water 
around Antarctica to flow northward. These flows both create upwelling which allows for 
subsidence elsewhere.  

   
In short, the greater density of seawater in some places explains why subsidence occurs in 
those places – but is not the ultimate cause of ‘the global conveyor.’ A good discussion of all 
this is S. Rahmstorf: Thermohaline Ocean Circulation. (2006) In: Encyclopedia of Quaternary 
Sciences (available online). 
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ACTIVITY 2.23: USING DENSITY 
   
a) Why does a can of Diet Coke float in water while a can of regular Coke sinks? 
 
 
 
 
 
 
b) Why do boats made from paraffin float on water - even with holes in them? 
 
 
 
 
 
c) By how much will the volume of water in a graduated cylinder in which a test tube floats increase if 
a .5ml nickel is added to the test tube? (5ml!) 

 
 
 
 
 
 
d) A brick in a cake pan is floating in a bucket of water. What happens to the level of water in the 
bucket if the pan tips and sinks? 
 
 
 
 
 
 
 
 
 
e) How many 1 meter diameter helium filled balloons would it take to lift a 70kg person off the 
ground? Assume:  

-when empty, the mass of each balloon = 25g 
-the density of helium = .162g/L 
-the density of air = 1.185g/L 

 
 
 
 
 
 
 
 



Chapter 2: Density pg51 
 

f) If a balloon’s mass is 10g when empty and it is attached to a string that has a mass of 1g/cm, how 
far will it rise in air of density = .0012g/cm3 if it is filled with 10 liters of helium (D= .000166g/cm3)? 
 
 
 
 
 
 
 
 
 
 
g) Why does a "Cartesian diver" (an eyedropper partly filled with air and partly with water in a sealed, 
flexible liquid filled container) move up and down as you squeeze the container?   

 
 
 
 
 
 
 
h) Will a 500kg boat that's 2m wide x 3m long x 1m high float in water? If so, to what depth will it sink?  
 
(Interesting factoid: Ships sink to different depths depending on the 
density of the water they are in: If a ship were loaded to capacity in, say, 
Greenland at a dense (cold & salty) port and sailed to a less dense 
(warm & fresh) port, there would be a danger of it riding too low in the 
water at its destination and perhaps sinking. Allowable floating depths 
are indicated by the  “Plimsoll lines” introduced in 1876 in England by 
Samuel Plimsoll which indicate OK water lines in tropical fresh (TF), 
fresh (F), and tropical (T), summer (S), winter (W) and winter north 
Atlantic (WNA) ocean waters.) 
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i) Explain the “Ghyben-Herzberg Lens” 
phenomenon: For every 1 ft of fresh (1g/cm3) 
groundwater there is above sea level, there’s 
40ft of fresh water below sea level (sea water 
density = 1.025g/cm3): 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
j) A “Galileo thermometer” consists of sealed globes which contain different 
amounts of colored liquids, floating in a sealed container of clear liquid: 
 
You can tell the temperature by counting how many of the sealed globes are 
floating. How does such a thermometer work? 
 
 
 
 
 
 
 
 
 
 
 
  
 

 
 
18) Can you predict the density of solutions?    
 

Since it's hard to predict how volumes change when things are mixed to prepare solutions, it’s 
hard to predict the densities of solutions. Fortunately, density is usually tabulated in the charts of 
properties of solutions, such as those found in The Handbook of Chemistry and Physics (on page 31 
of this chapter) 
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19) Does density correlate with the many properties that people think it correlates with? 
 

Many people seem to think that denser things should 
 

 conduct heat better 

 take more heat to heat up 

 be more viscous 

 have higher melting or boiling points 

 be harder to compress 

 expand less when heated 

 take more heat to melt or boil 

 vaporize less 
 
But as this graph shows, none of these properties actually correlates with density!  

 
 
 
So be careful of what you assume… 
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20) How do densities vary with pressure & temperature?  
 

Since density involves volume and since volume varies with temperature and pressure, density 
also varies with temperature and pressure.  

 
A classic demonstration involves an aluminum (Al) rod and a polyvinylchloride (PVC) plastic 

rod. In cool water, the (gray) aluminum rod floats and the (white) PVC rod sinks. As the water is 
warmed, the aluminum rod sinks and the PVC rod floats:    
                  Cold water:      Warm water 

 
 

ACTIVITY 2.24: What do you think causes the above behavior? 
   
a) The trusty internet says that at 25oC, the materials have the following densities (g/cm3): water = 
1.000, PVC = 1.45, Al = 2.70. Based on these values, should the two rods float or sink in water at 
25oC?   
 
b) What does your answer to (a) and the observed behavior suggest about the Al rod?  
 
c) Experiment shows that each rod has a volume of 13.43cm3 and that the Al rod has a mass of 
13.68g and the PVC rod has a mass of 13.43g. What do these values predict for the behavior of the 
rods in 25oC water?  
 
d) The internet says that for each 1oC increase in temperature, each cm3 of water expands by 
2.1x10-4cm3,  each cm3 of Al expands by  6.9x10-5cm3 and , each cm3 of PVC expands by  
1.5x10-4cm3. Use these values to make a graph of how the density of water and of each rod varies as 
T rises above 25oC and see if you can explain the behavior of the rods in “warm” water.  


